We study the resonant Lane-Emden problem
Introduction
Consider the Lane-Emden problem −∆ p u = λ |u| q−2 u in Ω,
where λ > 0, Ω ⊂ R N is a bounded and smooth domain, N ≥ 
whose first eigenvalue λ p is positive, simple, isolated and admits a first positive eigenfunction e p ∈ C 1,α Ω satisfying e p ∞ = 1 in Ω. (We maintain this notation from now on.) Moreover, λ p also is characterized by the minimizing property
We recall that u ∈ W 
This means that u is a critical point of the energy functional J λ,q : W 1,p 0 (Ω) → R given by
In the super-linear case p < q < p * the existence of at least one positive weak solution u λ,q of (1) that minimizes J λ,q among all possible nonzero weak solutions follows from standard variational methods. Weak positive solutions satisfying this minimizing property are known as ground states. As shown in [9] nonuniqueness of positive weak solutions occurs for ring-shaped domains when q is close to p * . On the other hand, when Ω is a ball, there exists only one positive weak solution (see [1] ), thus it must be a ground state. For the Laplacian (p = 2) uniqueness happens for a general domain Ω if q is sufficiently close to 2 (see [6, 15] ).
In the sub-linear case 1 < q < p the existence of a positive weak solution follows both from the sub-and super-solution method or from standard variational arguments concerning the global minimum of the energy functional J λ,q in W 1,p 0 (Ω). The uniqueness of such a weak positive solution is proved in [12] . In both cases a proof of existence by applying the subdifferential method can be found in [16] , where we can also find the proof of the boundedness (in the sup norm) of any positive weak solution of (1), a result which implies the C 1,α (Ω)-regularity by applying well-known estimates (see [8, 14, 18] ).
With different goals, the asymptotic behavior when q → p of the Lane-Emdem problem (1) has been studied by many authors since the 1990s. For example, in [9] for p > N, λ = 1 and q → p * ; or in [20] for p = N, λ = 1 and q → ∞. In [11] , the asymptotic behavior in W 1,p 0 (Ω) of the positive ground states u λ,q , as q → p + , was described for all positive values of λ. In that paper a ground state u λ,q was obtained as the minimum of J λ,q on the positive Nehari manifold. More recently, the asymptotic behavior with q → p − in W 1,p 0 (Ω) was described in [3] .
In the present paper we first consider the resonant Lane-Emdem problem (1) (Ω)\{0}. We emphasize that our approach unifies both sub-linear and super-linear problems, which is an important contribution to the complete understanding of the asymptotic behavior of the resonant case. (Previous approaches treated separately the sub-linear and super-linear problems and although the families of solutions were known to have a subsequence converging to a multiple of e p , this multiple was unknown; in principle, different multiples of e p could be obtained as limits of these families and even these limits could depend on the converging subsequence.)
Regarding the non-resonant case 0 < λ = λ p , we prove that
These results are stronger than those in [3] and [11] and obtained by a different method. (Here
Finally, we show how to obtain a first eigenpair of the p-Laplacian as limit of positive, normalized (in L ∞ and L q norms) solutions of (1). More precisely, we prove that for each λ > 0 and for any q n → p we have the
This result might be useful for numerical computation of the first eigenvalue of the p-Laplacian (see [5] ), since it does not require λ to be close to λ p and is also independent of the sequence q n → p. This paper is organized as follows. Section 2 is dedicated to the resonant case. We obtain L q and L ∞ estimates of the solution u q of the resonant problem and prove our results on the asymptotic behavior as q → p. In this section we also show that a suitable scaling of the pair (λ, u λ,q ) associated with the non-resonant Lane-Emden problem (1) for arbitrary λ > 0 produces the first eigenpair (λ p , e p ). In Section 3 we handle the asymptotic behavior (5) for the non-resonant problem.
Asymptotic behavior for the resonant problem
In this section we consider the resonant Lane-Emden problem
and its energy functional given by
A well-known consequence of the compactness of the immersion W
attains a positive minimum at a positive and
It is straightforward to verify that w q is a weak solution of
As a consequence of this fact, the function
is a positive weak solution of the resonant Lane-Emden problem (6) and this notation will be maintained from now on.
In the super-linear case 1 < p < q < p * this weak positive solution satisfies the minimizing properties
and
is a weak solution of (6), so u q is a ground state. There is no extremal for R p * in the critical case q = p * . However, the value of λ p * does not depend on the bounded domain Ω. In fact, λ p * = S p N,p where S N,p is the Sobolev constant, that is, the best constant of the Sobolev Inequality
It is well-known (see [17] ) that
where Γ(t) = ∞ 0 s t−1 e −s ds is the Gamma function. Therefore, for any bounded domain D ⊂ R N one also has
Hence we obtain |Ω|
The inequality in (14) 
The function
Classical results [8, 14, 18] guarantee that v q ∈ C 1,α Ω for some 0 < α < 1. Therefore, we have 
This last inequality can be rewritten as
By defining
from Cavalieri's Principle follows that
and therefore f ′ (t) = − |A t | . Thus, (17) can be rewritten as
Integration of (18) yields
where
and hence, by noting that
which gives (15) . 
showing that u q ∞ ≥ 1. Thus, (15) of Theorem 2 applied to v q = u q and Hölder's inequality imply that
and hence
which leads to the second inequality (20) . Both inequalities in (21) follow from Lemma 3, since
✷

Corollary 5
The solution u q defined by (8) satisfies
Proof. It follows from (20) and (21) of Theorem 4 that
But (14) implies
So, it follows from Theorem 2 that
what produces the last inequality in (22 
it follows from Corollary 5 that u−p ∞ → 1 as q → p. Because the right-hand side of the equation in (26) is uniformly bounded with respect to q close to p, we have that U q 1,α ≤ C for some positive constant C which is also uniform with respect to q close to p (see [14, Thm. 1]) . Therefore, the compactness of the immersion C 1,α (Ω) ֒→ C 1 (Ω) implies that, up to a subsequence, U q converges in C 1 Ω to a function U ≥ 0 such that U ∞ = 1. Taking the limit q → p in the weak formulation (4) with λ = λ p u−p ∞ , we obtain
for an arbitrary test function ϕ ∈ W 1,p 0 (Ω), proving that U is a nonnegative weak solution of (2). Since U ∞ = 1, we conclude that U = e p and the uniqueness of the limit proves that this convergence is in C 1 Ω .
In order to prove (25) we observe that
q − p is uniformly bounded with respect to q close to p, since lim sup
.
Therefore (25) follows if we prove that
This convergence is uniform in K ⊂ Ω compact. Indeed, if 0 < ǫ < min K e p , we have 
Proof. Let us first consider the case q n → p + . Then, for each ǫ > 0 we have
Thus, by making ǫ → 0 + we obtain Such argument has already appeared in [7] , where the asymptotic behavior of positive solutions of a logistical type problem for the Laplacian was studied. It explores a self-adjointness property type which is valid for the Laplacian. In fact, [10] in order to extend this results to the p-Laplacian but the arguments given there are not clear. Our approach avoids this method by using Picone's identity and is simpler.
The first eigenpair (λ p , e p ) via non-resonant problems
In this section we show how to build sequences converging to the first eigenpair of the p-Laplacian from positive solutions (ground states in the super-linear case) of the non-resonant Lane-Emden problem
with λ > 0 arbitrarily fixed and q → p. As mentioned before, the advantage here is that λ can be chosen arbitrarily in computational implementations of (33) and does not need to be close to λ p . A numerical solution of the nonlinear problem (33) is easier to obtain than directly compute the first eigenvalue of the p-Laplacian. For each 1 < q < p * we consider the weak solution of (33) given by
where u q is the positive solution of the resonant Lane-Emden problem (6).
We remark that, if v λ,q p<q<p * is another family of positive weak solutions of (1) 
